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Zh lqyhvwljdwh zkhwkhu lqfuhdvhg wudqvsduhqf| derxw sulfhv pd| lqfuhdvh wkh frxqwhu0
ydlolqj srzhu h{huflvhg e| ex|huv ri dq lqwhuphgldwh jrrg dqg zkhwkhu wklv zloo ohdg wr d
ghfuhdvh ri lqwhuphgldwh jrrgv sulfhv1 Zh vkrz wkdw/ hyhq lq d qrq0frrshudwlyh/ rqh0vkrw
prgho/ wkh prvw olnho| rxwfrph ri lpsuryhg wudqvsduhqf| lv d sulfh lqfuhdvh= Lpsuryhg
wudqvsduhqf| zloo ohdg vhoohuv wr wdnh wrxjkhu edujdlqlqj vwdqgv vlqfh pruh lv dw vwdnh1 Wkh
uhvxowv duh uhodwhg wr wkh h{shulhqfh ri wkh Gdqlvk Frpshwlwlrq Dxwkrulw|*v sudfwlfh lq wkh
4<<3v1
Nh|zrugv= Qhjrwldwhg lqwhuphgldwh sulfhv/ frxqwhuydlolqj srzhu/ sulfh wudqvsduhqf|1
MHO= O53/ O73
WWkh dxwkruv zrxog olnh wr wkdqn Pruwhq Ehqqhgvhq/ Nhlwk Frzolqj/ Dpulwd Gkloorq/ Sdxo Grevrq/ Duylg
Qlovvrq/ Shu Edow}hu Ryhujddug/ Fduor Shuurql/ Nlp Vfkdui/ Fkulvwldq Vfkxow}/ Juhj Vkd￿hu/ Elujlwwh Vorwk/
Plfkdho Zdwhuvrq dqg sduwlflsdqwv lq wkh FLH zrunvkrs/ Wxqh/ dw wkh 59wk HDULH frqihuhqfh/ Wxulq/ 4<<</ dw
wkh FLH2FEV zrunvkrs rq cPrghoolqj Pdunhw Wudqvsduhqf|* dv zhoo dv sduwlflsdqwv lq ghsduwphqwdo vhplqduv
dw wkh Frshqkdjhq Exvlqhvv Vfkrro dqg dw wkh Xqlyhuvlw| ri Zduzlfn iru khosixo frpphqwv dqg vxjjhvwlrqv1
Wkh xvxdo glvfodlphu dssolhv1
_Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Zduzlfn/ Fryhqwu| FY7 :DO1 h0pdlo= p1kyllgCzduzlfn1df1xn
hGhsduwphqw ri Hfrqrplfv/ Frshqkdjhq Exvlqhvv Vfkrro/ Vroemhuj Sodgv 6/ F8/ GN05333 Iuhghulnvehuj1
h0pdlo= ksp1hfrCfev1gn111 roljrsro| idflolwdwhv wkh h{huflvh ri frxqwhuydlolqj srzhu e| hqdeolqj wkh vwurqj
ex|hu wr sod| rqh vhoohu r￿ djdlqvw dqrwkhu1 Jdoeudlwk +4<89/ 446,
4 Lqwurgxfwlrq
Wudqvsduhqf| uhjduglqj sulfhv lv riwhq wkrxjkw ri dv d phdqv ri lpsurylqj frpshwlwlrq dqg
h!flhqf|1 Lq wkh XN/ wkh Frpshwlwlrq Frpplvvlrq lq lwv uhfhqw lqtxlu| ri vxshupdunhwv vwdwhg
wkdw wkh ￿uvw vroxwlrq wr sureohpv ri sulflqj ehkdylrxu zrxog eh wr lqfuhdvh wudqvsduhqf| ri
sulflqj1 Wklv frxog eh grqh e| lpsurylqj sulfh lqirupdwlrq rq vxshupdunhw vkhoyhv dqg e|
pdnlqj sulfh frpsdulvrqv hdvlhu wkurxjk frpsxovru| sxeolvklqj ri doo fxuuhqw uhwdlo sulfhv
ri gl￿huhqw vxshupdunhwv rq wkh lqwhuqhw14 Wkh suhylrxv Gdqlvk frpshwlwlrq dfw dovr uholhg
khdylo| rq pdunhw wudqvsduhqf| dv lwv pdlq lqvwuxphqw wr rewdlq pruh frpshwlwlrq5 dqg wkh
Gdqlvk jryhuqphqw lq d uhfhqw uhsruw uh0lwhudwhg lwv ylhz wkdw lpsuryhg pdunhw lqirupdwlrq
zrxog riwhq eh d pruh srzhuixo lqvwuxphqw wkdq pdq| ri wkh Frpshwlwlrq Dxwkrulw|*v frqfuhwh
lqwhuyhqwlrqv16 Wkh urrwv ri wudqvsduhqf| lq frpshwlwlrq srolf| pd| eh wudfhg edfn wr wkh 4<63
Orqgrq Uhvroxwlrq ri wkh Lqwhusduoldphqwdu| Xqlrq= Wkh Uhvroxwlrq zdv idyrxudeoh wr fduwhov
dqg grplqdqw ￿upv/ frqvlghulqj wkhvh qdwxudo hfrqrplf skhqrphqd wkdw frxog eh frqwuroohg
xvlqj sxeolfdwlrq ri gdwd uhjduglqj vwuxfwxuh/ frqgxfw dqg shuirupdqfh1
Wudqvsduhqf| phdqv wkdw pdunhw sduwlflsdqwv vkrxog kdyh dv pxfk lqirupdwlrq derxw wkh
pdunhw dv srvvleoh/ suhihudeo| doo lqirupdwlrq1 Wklv pd| pdnh vhqvh lq vhdufk pdunhwv zkhuh
fxvwrphuv kdyh lpshuihfw lqirupdwlrq derxw sulfhv dqg wkhuh lv d vljql￿fdqw vhdufk frvw= d uh0
fhqw Gdqlvk lqyhvwljdwlrq zdv frqfhuqhg zlwk xqghuwdnhuv* sulflqj ri fr!qv zkhuh suhvxpdeo|
wkh hprwlrqdo frvw ri vhdufklqj lv kljk17 Vhdufk pdunhwv duh xqfrqfhqwudwhg pdunhwv zklfk
pdnhv wkh dftxlvlwlrq ri lqirupdwlrq e| lqglylgxdov frvwo|1
Krzhyhu/ wkh Gdqlvk Frpshwlwlrq Dxwkrulw| kdv dovr pdgh sxeolf ￿up vshfl￿f lqirupd0
wlrq derxw sulfhv dqg glvfrxqwv lq pxfk pruh frqfhqwudwhg pdunhwv zkhuh vhdufk frvwv duh
qhjoljleoh1 Uhfhqw h{dpsohv lqfoxgh wkh pdunhw iru uhdg|0pl{hg frqfuhwh> wkh wkuhh odujhvw
zkroh0vhoohuv ri soxpelqj vxssolhv iru khdwlqj dqg vdqlwdu| sxusrvhv> surgxfhuv ri  dw jodvv
4Vhh kwws=22zzz1frpshwlwlrq0frpplvvlrq1jry1xn243033uhp1kwp
5Vhh DoeØn/ Pßoojddug dqg Ryhujddug +4<<9/ 4<<;, iru dq ryhuylhz dqg glvfxvvlrq1
6Gdqlvk Plqlvwu| ri Wudqgh dqg Lqgxvwu| +4<<<,1
7Vhh Frpshwlwlrq Frxqflo +4<<7d,1
4dqg grxeoh0jod}hg zlqgrzv> dqg wkh wkuhh odujhvw zkroh0vhoohuv ri hohfwulfldqv* vxssolhv18 Qrwh
wkdw lq wkhvh fdvhv/ lqwhuphgldwh jrrgv sulfhv duh qhjrwldwhg udwkhu wkdq vhw e| wkh xsvwuhdp
￿up/ eh wkh| surgxfhuv ru zkroh0vhoohuv1 Lq wkh soxpelqj fdvh/ iru h{dpsoh/ lw zdv wkh ￿lqgl0
ylgxdoo| qhjrwldwhg glvfrxqwv dqg erqxvhv￿ wkdw zhuh sxeolvkhg1
Lq wkhvh frqfhqwudwhg pdunhwv lpsuryhg lqirupdwlrq uhjduglqj vhoohuv* sulfhv/ txdqwlwlhv ru
pdunhw vkduhv pd| ohdg wr lpsuryhg frruglqdwlrq ri vhoohuv* vwudwhjlhv ohdglqj wr kljkhu sulfhv
dv srlqwhg rxw e| Vwljohu +4<97, dqg pdq| dxwkruv vlqfh1 Wkdw wklv lv pruh wkdq d wkhruhwlfdo
srvvlelolw| lv ghprqvwudwhg hpslulfdoo| e| DoeØn/ Pßoojddug dqg Ryhujddug +4<<:, rq sulfh
gdwd iurp wkh roljrsrolvwlf Gdqlvk uhdg|0pl{hg frqfuhwh lqgxvwu|1
Rq wkh rwkhu kdqg/ lpsuryhg lqirupdwlrq dprqj ex|huv derxw gl￿huhqw sulfhv dw gl￿huhqw
vhoohuv pljkw ohdg wkhp wr vkrs durxqg iru ehwwhu ghdov ru wr wdnh wrxjkhu vwdqgv lq qhjrwld0
wlrqv derxw sulfhv1 Wklv frxqwhuydlolqj srzhu9 zrxog orzhu wkh sulfh wkdw wkh lqglylgxdo ex|hu
rewdlqv lq wkh pdunhw sodfh1 Wklv zdv xqgrxewhgo| rqh ri wkh prwlydwlrqv iru wkh hpskdvlv rq
wudqvsduhqf| lq wkh suhylrxv Gdqlvk frpshwlwlrq dfw dqg lw pd| eh wkh uhdvrq zk| frqvxphu
surwhfwlrq rujdql}dwlrqv lqvlvw rq wudqvsduhqf|1 Dgyrfdwhv ri wudqvsduhqf| lq frpshwlwlrq
srolf| duh ordwk wr dffhsw wkdw vxfk sxeolfdwlrq frxog ohdg wr wkh lpsuryhg roljrsrolvwlf fr0
ruglqdwlrq dqg wkxv wkh vxevwdqwldo sulfh lqfuhdvhv ri h1j1 uhdg|0pl{hg frqfuhwh wkdw DoeØn/
Pßoojddug/ dqg Ryhujddug +4<<:, irxqg1 Lqvwhdg wkh| whqg wr hpskdvl}h wkh lqfuhdvhg frxq0
whuydlolqj srzhu eurxjkw derxw e| lqfuhdvhg wudqvsduhqf|1
Wkh dlp ri wklv sdshu lv wr hvwdeolvk zkhwkhu/ dqg li vr/ zkhq/ wkh wudqvsduhqf| srolf| ri lp0
surylqj ex|huv* lqirupdwlrq ohdgv wr orzhu sulfhv dqg lqfuhdvhg zhoiduh lq frqfhqwudwhg pdunhwv
lq d vwdwlf vhwwlqj1 Zh wkxv h{solflwo| gr qrw frqvlghu wkh vfrsh iru lpsuryhg vhoohu frruglqd0
wlrq wkdw wkh lqfuhdvh lq wudqvsduhqf| frxog dovr wuljjhu: exw uhvwulfw rxuvhoyhv wr lqyhvwljdwlqj
wkh h￿hfw ri lpsuryhg wudqvsduhqf| rq qhjrwldwlrqv ri frqwudfwv lq yhuwlfdo wudqvdfwlrqv ri h1j1
uhdg|0pl{hg frqfuhwh/ soxpelqj zlgjhwv/ jodvv ru hohfwulfldqv* vxssolhv1
8Iru ghwdlov rq wkhvh fdvhv/ frqvxow Gdqlvk Frpshwlwlrq Frxqflo +4<<7e>4<<8d/e>4<<9d/e,1
9Vhh Grevrq ) Zdwhuvrq +4<<:, dqg yrq Xqjhuq0Vwhuqehuj +4<<9, iru uhfhqw prghov ri frxqwhuydlolqj srzhu
zlwk xsvwuhdp prqrsrolhv1 Wkhvh sdshuv vwxg| wkh h￿hfwv ri lqfuhdvlqj grzqvwuhdp frqfhqwudwlrq rq hqg sulfhv1
Rxu irfxv lv gl￿huhqw= Zh zlvk wr vwxg| wkh h￿hfw ri lpsurylqj sulfh wudqvsduhqf|1
:Wkxv rxu irfxv gl￿huv iurp wkdw ri Vq|ghu +4<<9, zkr kdyh xsvwuhdp ￿upv frooxgh lq d g|qdplf prgho ri
frxqwhuydlolqj srzhu1 Lq dq lq￿qlwho| uhshdwhg surfxuhphqw dxfwlrq wkh vroh ex|hu pd| dffxpxodwh d edfnorj ri
xq￿oohg rughuv wkxv iruflqj vhoohuv wr frooxgh rq d orz sulfh lq rughu wr suhyhqw xqghufxwwlqj1 Qlovvrq +4<<<, dqg
Pßoojddug dqg Ryhujddug +5333, dovr prgho pdunhw wudqvsduhqf| +uhjduglqj sulfhv dqg txdolwlhv/ uhvshfwlyho|,
lq g|qdplf roljrsro| prghov/ exw gr qrw jlyh fxvwrphuv srzhu wr qhjrwldwh sulfhv1
5Wkh ehqh￿w ri wudqvsduhqf| pd| wkxv dulvh ehfdxvh ri lpsuryhg lqirupdwlrq lq wkh edu0
jdlqlqj ri whupv ri wkh wudqvdfwlrq ehwzhhq xsvwuhdp dqg grzqvwuhdp ￿upv uhjduglqj wkh
lqwhuphgldwh jrrgv1 Zh prgho wkh h￿hfw ri sulfh wudqvsduhqf| e| dvvxplqj wkdw wkh ex|huv lq
rqh pdunhw vhjphqw duh ehwwhu lqiruphg derxw wkh wuxh +pdujlqdo, frvw ri surgxfwlrq wkdq wkh
ex|huv lq wkh rwkhu vhjphqw1 Li wkh loo0lqiruphg ex|huv revhuyh wkh sulfhv +ru wkh glvfrxqwv,
wkdw rewdlq lq wkh rwkhu pdunhw vhjphqw/ wkh| lpsuryh wkh suhflvlrq ri wkhlu hvwlpdwh dqg wklv
pd| ohdg wkhp wr wdnh d wrxjkhu vwdqg lq wkh edujdlqlqj1; Iru wklv wr pdnh vhqvh/ lw pxvw
eh wkdw wkh lqiruphg ex|huv qhjrwldwh wkhlu sulfhv zlwk surgxfhuv ehiruh loo0lqiruphg ex|huv
gr wkh vdph/ vr zh prgho wkh wudqvsduhqf| srolf| dv lqwurgxflqj vhtxhqwldolw| lq dq rwkhuzlvh
lqghshqghqw hqylurqphqw1 Reylrxvo|/ li wkh wudqvsduhqf| srolf| lv dqqrxqfhg/ surgxfhuv zloo
qrz nqrz wkdw wkh glvfrxqwv wkdw wkh| jlyh wr lqiruphg fxvwrphuv zloo odwhu eh xvhg e| wkhlu
suhylrxvo| loo lqiruphg fxvwrphuv1 Wklv/ lq wxuq/ zloo ohdg wkh surgxfhuv wr wdnh d gl￿huhqw
+wrxjkhu, edujdlqlqj vwdqg zlwk wkhlu lqiruphg fxvwrphuv vlqfh pruh lv qrz dw vwdnh wkdq
ehiruh1 Lw lv wkxv qrw hylghqw wkdw +dyhudjh, sulfhv zloo ghfuhdvh dv d uhvxow ri wkh wudqvsduhqf|
srolf|1
Lq wkh edvh prgho/ zklfk lv vhw xs lq vhfwlrq 5/ zh dvvxph iru vlpsolflw| wkdw wkhuh duh
wzr grzqvwuhdp ￿upv/ rqh ri zklfk lv lqiruphg dqg rqh ri zklfk lv qrw dqg wkdw dowkrxjk
wkhvh wzr ￿upv sxufkdvh wkh vdph lqsxw/ wkh| duh lqghshqghqw lq wkhlu ￿qdo jrrgv pdunhw1<
Zlwk rqh xsvwuhdp ￿up/ zh wkhq kdyh wzr vhwv ri elodwhudo prqrsrolhv dqg zh dqdo|vh wkh qrq0
wudqvsduhqf| fdvh ri lqghshqghqw pdunhwv lq vhfwlrq 6 zkloh vhfwlrq 7 dqdo|vhv wkh wudqvsduhqf|
fdvh lq zklfk pdunhwv duh wuhdwhg dv vhtxhqwldo1 Vhfwlrq 7 dovr frpsduhv wkh uhjlphv dqg
ghprqvwudwhv wkdw wudqvsduhqf| pd| zhoo ohdg wr kljkhu sulfhv lq erwk pdunhwv1 Wkh uhvxow
dulvhv h{dfwo| iru wkh uhdvrq jlyhq lq wkh suhylrxv sdudjudsk= Wkh lqirupdwlrq vsloo0ryhu ohdgv
wkh xsvwuhdp ￿up wr eh pruh djjuhvvlyh1 Dv wkh prwlydwlrq iru wkh wudqvsduhqf| srolf| dsshduv
wr dulvh dw ohdvw sduwldoo| iurp d zlvk wr surwhfw zhdnhu hfrqrplf djhqwv/ zh dvvxph lq wkh
;Ehfdxvh ri rxu vwdwhg dlp/ zh dvvxph wkdw wkh qhjrwldwlrq ri wkh lqwhuphgldwh jrrgv sulfh grhv qrw uhyhdo
doo uhohydqw lqirupdwlrq +lq zklfk fdvh d srolf| ri wudqvsduhqf| zrxog eh uhgxqgdqw,1
<Zh dyrlg frpshwlwlrq ehwzhhq grzqvwuhdp ￿upv ehfdxvh wkdw zrxog rshq xs d vhsdudwh vhw ri lvvxhv
uhodwlqj wr wkh xsvwuhdp ￿up*v sulfh glvfulplqdwlrq ehwzhhq wudglqj sduwqhuv ohdylqj wkhp rq dq xqhtxdo
irrwlqj lq frpshwlwlrq1 Wklv zrxog eh loohjdo dffruglqj wr duwlfoh ;5 ri wkh Wuhdw| ri Dpvwhugdp +wkdw surklelwv
cdsso|lqj glvvlplodu frqglwlrqv wr htxlydohqw wudqvdfwlrqv zlwk rwkhu wudglqj sduwlhv/ wkhuhe| sodflqj wkhp
dw d frpshwlwlyh glvdgydqwdjh*, dqg dffruglqj wr wkh Urelqvrq0Sdwpdq Dfw1 Wkh prghoolqj ri grzqvwuhdp
frpshwlwlrq lv wdnhq xs e| PfDihh dqg Vfkzduw} +4<<7,/ Grevrq dqg Zdwhuvrq +4<<:, dqg yrq Xqjhuq0Vwhuqehuj
+4<<;,/ zkloh R*Eulhq dqg Vkd￿hu +4<<7, ghdo h{solflwo| zlwk wkh zhoiduh h￿hfwv ri iruelgglqj glvfulplqdwru|
sulflqj ri lqwhuphgldwh jrrgv lq wkh frqwh{w ri Urelqvrq0Sdwpdq1
6dqdo|vlv lq vhfwlrqv 6 dqg 7 wkdw wkh xqlqiruphg lv uhodwlyho| xqvrsklvwlfdwhg zkhq lw frphv
wr xsgdwlqj lwv eholhiv1 Wr hqvxuh wkdw rxu uhvxowv gr qrw phuho| dulvh ehfdxvh ri wklv/ vhfwlrq
8 suhvhqwv d ixoo0eorzq vljqdoolqj prgho ri wudqvsduhqf| lq zklfk doo sduwlhv vdwlvi| Ed|hvldq
udwlrqdolw|1 Rwkhu h{whqvlrqv frqvlghuhg lq vhfwlrq 8 duh= elodwhudo roljrsrolhv/ frpshwlwlrq
dprqj grzqvwuhdp ￿upv dqg vhtxhqwldolw| ri pryhv1 Vhfwlrq 9 frqfoxghv1
5 Elodwhudo Prqrsro|
Wkh vlpsohvw h{dpsoh lv wkdw ri dq xsvwuhdp prqrsrolvw +Pdqxidfwxuhu, zkr surgxfhv dq
lqwhuphgldwh surgxfw zlwk frqvwdqw pdujlqdo frvwv f1 Wkh prqrsrolvw vhoov wr wzr grzqvwuhdp
￿uhwdlohuv/￿ rqh zkr lv lqiruphg derxw f +UL, dqg rqh zkr lv qrw +UX,1 Iru vlpsolflw|/ dvvxph
wkdw wkh ￿qdo ghpdqgv ri wkh wzr uhwdlohuv duh lqghshqghqw vr wkdw erwk duh prqrsrolvwv lq wkhlu
rzq pdunhw1 Ilqdo jrrgv ghpdqgv duh G￿+S￿, zkhuh l @ L>X lqglfdwhv zkhwkhu wkh grzqvwuhdp
￿up lv lqiruphg +L, ru xqlqiruphg +X,1 Rqh xqlw ri wkh xsvwuhdp jrrg lv wudqviruphg wr rqh
xqlw ri wkh grzqvwuhdp jrrg dqg grzqvwuhdp ￿upv kdyh qr rwkhu yduldeoh frvwv1
Frqwudfwv duh uhvwulfwhg wr wzr0sduw wdul￿v43 vr wkh sd|phqw iurp Ul wr P wdnhv wkh irup
I￿ . z￿G￿+S￿,1 P dqg Ul qhjrwldwh derxw frqwudfw whupv/ l1h1 derxw +z￿>I ￿b ,/ nqrzlqj wkdw
wkhlu uhvshfwlyh sur￿wv lq pdunhw l ghshqg rq wkhvh whupv dv iroorzv=
￿￿￿ @+ z￿ ￿ f,G￿+S￿,.I￿/ l @ L>X
dqg
￿-￿ @+ S￿ ￿ z￿,G￿+S￿, ￿ I￿/ l @ L>X1
Rqfh dq djuhhphqw kdv ehhq uhdfkhg lq pdunhw l/ Ul fkrrvhv lwv sulfh rswlpdoo|/ l1h1 lw vhwv
wkh sulfh SW
￿ +z￿, wkdw vroyhv
g￿-￿
gS￿
@ G￿+S￿,.+ S￿ ￿ z￿,
gG￿+S￿,
gS￿
@3 1+ 4 ,
Zh qrz wxuq wr wkh uhjlph zlwkrxw wudqvsduhqf| zkhuh wkh wzr edujdlqlqj vlwxdwlrqv duh
lqghshqghqw1 Vhfwlrq 7 wkhq wuhdwv wkh wudqvsduhqf| uhjlph lq zklfk wkh qhjrwldwlrqv wdnh
sodfh vhtxhqwldoo| dqg lqwhughshqghqwo| ehfdxvh UX pd| wkhq revhuyh wkh rxwfrph ri wkh
qhjrwldwlrq ehwzhhq P dqg UL1
43Lq jhqhudo/ zh mxvw qhhg h!flhqw edujdlqlqj +jlyhq eholhiv, exw wzr0sduw wdul￿v duh d vlpsoh zd| ri dfklhylqj
h{dfwo| wklv1 Ixuwkhupruh/ wkh wzr0sduw wdul￿ lv rqh ri wkh prvw edvlf sulflqj vfkhphv +vhh PfDihh dqg Vfkzduw}
+4<<7,,1
76 Wkh qr0wudqvsduhqf| uhjlph
Zlwk qr wudqvsduhqf| wkh wzr edujdlqlqj vlwxdwlrqv pd| eh wuhdwhg lqghshqghqwo| vlqfh gh0
pdqgv duh lqghshqghqw dqg wkh +shufhlyhg, frvwv duh lqghshqghqw1 Zh dvvxph wkdw wkh edu0
jdlqlqj rxwfrph pd| eh ghvfulehg dv frplqj iurp vsolw0wkh0vxusoxv edujdlqlqj zlwk ￿ 5 +3>4,
ghqrwlqj wkh vkduh ri wkh vxusoxv wkdw dffuxhv wr wkh xsvwuhdp ￿up +wkh grzqvwuhdp ￿up jhwv
4￿￿ ri wkh vxusoxv,1 Wklv edujdlqlqj prgho lv yhu| vlpsoh dqg urexvw1 Zh frxog xvh jhqhudo0
l}hg Qdvk edujdlqlqj ru rqh ri vhyhudo qrq0frrshudwlyh edujdlqlqj prghov lqvwhdg1 Krzhyhu/
Qdvk edujdlqlqj pd| eh vhhq dv wkh ￿olplw￿ ri h1j1 dowhuqdwlqj0r￿huv edujdlqlqj +vhh Rveruqh
dqg Uxelqvwhlq/ 4<<3/ fk1 7, dqg zh gr qrw dgg dq|wklqj exw frpsoh{lw| e| fkrrvlqj vxfk
edujdlqlqj prghov1
Zh dqdo|vh wkh vlpsoh fdvh ri wkh lqiruphg pdunhw ￿uvw ehiruh zh wxuq wr wkh voljkwo| pruh
frpsolfdwhg fdvh ri wkh xqlqiruphg pdunhw1
614 Wkh lqiruphg pdunhw
Wkh wrwdo vxusoxv lq wklv pdunhw lv
VU+zU,@￿ ￿U .￿ -U @+ SW
U +zU, ￿ f,GU+SW
U +zU,,1+ 5 ,
Vlqfh wkh sduwlhv duh wr vsolw VU dffruglqj wr wkh +￿>4￿￿,0uxoh/ wkh| vkduh d frpprq lqwhuhvw
lq pd{lpl}lqj lw1 Zh wkxv lpphgldwho| jhw wkh iroorzlqj uhvxow=
Ohppd 4 Zkhq wkh jryhuqphqw grhv qrw sxuvxh d srolf| ri wudqvsduhqf|/ wkh frqwudfw whupv














U +zU, ,.+ SW














_￿￿ @3zklfk lq wxuq fdq rqo| eh ixo￿oohg vlpxowdqhrxvo| zlwk +4, li zU @ f1L q w k d w
fdvh/ ￿￿U @ IU dqg wr vsolw wkh vxusoxv dffruglqj wr wkh ￿0uxoh/ IU @ ￿VU+f,1 ￿
8615 Wkh xqlqiruphg pdunhw
Zh dvvxph wkdw wkh xqlqiruphg grzqvwuhdp ￿up kdv d sulru eholhi e f derxw wkh wuxh ydoxh ri
f1 Wklv eholhi lv frpprq nqrzohgjh1 Dv orqj dv wkh xsvwuhdp ￿up grhv qrwklqj wkdw uhyhdov
wkh wuxh frvw/ wkh edujdlqlqj surfhhgv e| vsolwwlqj wkh shufhlyhg vxusoxv
VL+zL,@+ SW
L+zL, ￿ e f,GL+SW
L+zL,,1
Wkxv/ edvhg rq vsolw0wkh0vxusoxv edujdlqlqj UX zloo h{shfw frqwudfw whupv wr eh zL @ e f dqg
IL @ ￿VL+e f,1 Li wkh xsvwuhdp ￿up/ P/ wulhv wr udlvh zL deryh e f/ UX zloo shufhlyh wklv dv
fkhds wdon lqwhqghg rqo| wr udlvh P*v vkduh ri wkh vxusoxv1 Li/ krzhyhu/ P vxjjhvwv d orzhu0
wkdq0h{shfwhg zkrohvdoh sulfh/ wklv zloo uhvxow lq d grzqzdug uhylvlrq ri lwv frvw h{shfwdwlrq1
UX*v eholhi derxw f lv wkxv44
H+fmzL ? e f,@zL +7,
H+fmzL ￿ e f,@e f
Wkh shufhlyhg vxusoxv pd| wkxv fkdqjh rqo| e| grzqzdug uhylvlrqv ri zL1 Lq wklv pdunhw/
P*v wuxh sur￿w lv
￿￿L+zL,@+ zL ￿ f,GL+SW
L+zL,, . ￿+SW
L+zL, ￿ plqie f>zLj,GL+SW
L+zL,,1+ 8 ,
P pd| qrz fkrrvh wr vhw zL vrphzkhuh ehwzhhq wkh wuxh frvw f dqg wkh shufhlyhg frvw e f=
Ohppd 5 Zkhq wkh jryhuqphqw grhv qrw sxuvxh d srolf| ri wudqvsduhqf|/ wkh frqwudfw whupv
djuhhg lq wkh xqlqiruphg pdunhw duh
zW




zkhuh  L vroyhv +4 ￿ ￿,GL+SW
















44Qrwh wkdw UX lv qdlyh lq wkh vhqvh wkdw li ￿L ￿ ￿ S/ lw dvvxphv wkdw wkh xsvwuhdp ￿up vhwv ￿L vxfk wkdw
wrwdo uhyhqxh lv pd{lplvhg1 Wkh h{whqvlrq lq vhfwlrq 814 ehorz dvvxphv ixoo Ed|hvldq udwlrqdolw| ri doo sod|huv1
9vlqfh +4, krogv1 Ohw  L vroyh wklv frqglwlrq1 Li  L A e f/ P lv frqvwudlqhg e| wkh h{shfwdwlrqv
irupdwlrq +7, wr vhw zW
L @ e f1L i L ? e f/ P*v joredo pd{lpxp lv wr vhw zW
L @  L1
Fohduo|/ dw zL @ f> _￿￿L
_￿L A 3= Wkh vhfrqg0rughu frqglwlrq wkhq lpsolhv wkdw  L Af 1￿
Lw lv lpsruwdqw khuh wr uhdolvh wkdw wkh xsvwuhdp ￿up pd| yroxqwdulo| fkrrvh d orzhu sulfh
wkdq wkh rqh h{shfwhg e| wkh grzqvwuhdp ￿up1 Lw lv htxdoo| wuxh/ wkdw wkh xsvwuhdp ￿up
zrxog olnh wr fruuhfw wkh eholhiv ri wkh grzqvwuhdp ￿up zkhq wkhvh duh yhu| orz/ l1h1 li e f?f /












8 08 ) ￿ 3
8 X
Iljxuh 4= Qhjrwldwlqj wkh zkrohvdoh sulfh lq wkh xqlqiruphg pdunhw1
Wkh vlwxdwlrq lv looxvwudwhg lq Iljxuh 4= Li wkh UX kdv eholhi  L @ f/ wkhq wkh shufhlyhg
vxusoxv lv wkh vtxduh deryh  L dqg wkh zkrohvdoh sulfh lv zW
L @  L zkloh IW
L lv kdoi ri wkh
vtxduh1 Wkh wuxh sur￿w wr P krzhyhu lqfoxghv wkh vtxduh ehwzhhq  L dqg f1L i UX kdv d
eholhi e f wkdw h{fhhgv  L wkhq P zloo zdqw wr uhgxfh wkhvh eholhiv grzq wr  L dqg pd| gr wklv=
Wkh ghfuhdvh lq wkh sur￿wv wkdw duh froohfwhg yld IL lv r￿vhw e| wkh lqfuhdvh lq wkh sur￿wv wkdw
￿ xqnqrzq wr UX ￿ duh froohfwhg ehorz wkh olqh1 Li rq wkh rwkhu kdqg UX kdv d eholhi e f wkdw
idoov vkruw ri  L/ wkhq P zloo kdyh wr mxvw olyh zlwk wkhvh eholhiv/ vlqfh vkh kdv qr phdqv ri
udlvlqj wkh eholhiv1
:7 Wkh wudqvsduhqf| uhjlph
Zkhq wkh jryhuqphqw sxuvxhv d srolf| ri wudqvsduhqf|/ wkh xqlqiruphg grzqvwuhdp ￿up/ UX/
fdq revhuyh wkh frqwudfwxdo whupv ri wkh lqiruphg pdunhw1 Edvhg rq wklv/ UX irupv eholhiv45
H+f m zU,@zU +:,
zklfk lv vlpsohu wkdq +7, vlqfh P pd| qrz frqylqfh wkh xqlqiruphg grzqvwuhdp ￿up wkdw
pdujlqdo frvwv duh lqghhg zU/ e| ￿sxwwlqj lwv prqh| zkhuh lwv prxwk lv￿1 Wkh sur￿w ri wkh
xsvwuhdp ￿up iurp wkh xqlqiruphg vhjphqw lv wkxv




xqohvv qhjrwldwlrqv ehwzhhq P dqg UL euhdn grzq lq zklfk fdvh wkhuh duh qr frqwudfw whupv
wr revhuyh dqg vr UX pxvw pdnh gr zlwk wkh rog sulru1 Lq wklv fdvh/ wkh sur￿w wr wkh xsvwuhdp
￿up lv jlyhq e| +8,/ wkxv wkh wkuhdwsrlqw lq qhjrwldwlrqv lv ￿￿L+zW
L,1 Wkh vxusoxv wr eh vsolw
ehwzhhq wkh sduwlhv lq wkh lqiruphg vhjphqw lv wkhq
VA
U +zU,@￿ ￿U .￿ -U .^ ￿ ￿L+zU, ￿ ￿￿L+zW
L,‘1
Qrz wkh uhjxodwru zloo vhw wkh vdph zkrohvdoh sulfh lq erwk pdunhwv ￿ dqg lw zloo eh deryh wkh
wuxh pdujlqdo frvw=
Ohppd 6 Zkhq wkh jryhuqphqw sxuvxhv d srolf| ri wudqvsduhqf|/ wkh whupv djuhhg lq wkh wzr











Surri= Wr vhh wkdw zWW
U Af / pd{lpl}h VA


















45Dv lq htxdwlrq +7, wklv dvvxphv d ghjuhh ri qdlyhw| rq ehkdoi ri -L1 D pruh vrsklvwlfdwhg sod|hu zrxog
uhdolvh wkdw ￿ dqg -U kdyh dq lqfhqwlyh wr d￿hfw wkh lqihuhqfh wkdw lw lv pdnlqj dqg zrxog pdnh wkh dssursuldwh




_￿U @3 1 Wkh odvw whup/
_￿￿LE￿U￿
_￿U / lv fohduo| srvlwlyh zkhq hydoxdwhg dw zU @ f iru
uhdvrqv h{soruhg lq Ohppd 5/ exw Ohppd 4 wrog xv wkdw dw zU @ f>
_7UE￿U￿
_￿U @3 1W k x vd ww k h
rswlpdo zU/
_7UE￿U￿
_￿U pxvw eh qhjdwlyh/ l1h1 zU Afzkloh
_￿￿LE￿U￿
_￿U pxvw eh srvlwlyh1 Lw wkhq
iroorzv lpphgldwho|/ wkdw zWW
L @ zWW




_￿U A 3/ exw jlyhq wkh h{shfwdwlrq irupdwlrq/ wklv lv qrw srvvleoh1￿
714 Frpsdulvrq ri uhjlphv
Wudqvsduhqf| dozd|v udlvhv wkh zkrohvdoh sulfh lq wkh lqiruphg vhjphqw wkxv uhgxflqj wkh
vxusoxv lq wklv vhjphqw dqg kduplqj wkh ￿qdo fxvwrphuv ri wkh lqiruphg grzqvwuhdp ￿up/
UL1 Rq wkh rwkhu kdqg/ wudqvsduhqf| pd| lqfuhdvh ru uhgxfh wkh zkrohvdoh sulfh lq wkh xqlq0
iruphg vhjphqw zklfk zloo lq wxuq d￿hfw wkh vxusoxv dqg wkh ￿qdo fxvwrphuv ri wkh xqlqiruphg
grzqvwuhdp ￿up/ UX1 Wklv zloo ghshqg rq wkh xqlqiruphg sulru eholhi derxw f/ e f1Z h p d |
vxppdulvh wkh h￿hfw ri wudqvsduhqf| lq wkh iroorzlqj sursrvlwlrq=
Sursrvlwlrq 4= Li wkh xqlqiruphg sulru lv kljk/ l1h1 zWW
U ? e f/ wkhq wudqvsduhqf| kdv wkh h￿hfw





L1 Li/ krzhyhu wkh xqlqiruphg sulru lv orz/ e f?z WW
U / wkhq wudqvsduhqf| zloo lqfuhdvh





Surri= Iroorzv lpphgldwho| iurp Ohppd 4061￿
Qrwh wkdw wudqvsduhqf| fkdqjhv wkh rxwfrph iurp rqh lq zklfk wkhuh lv vrph zhoiduh
uhgxflqj grxeoh pdujlqdolvdwlrq lq mxvw wkh xqlqiruphg pdunhw wr rqh zkhuh wkhuh lv d zhoiduh
orvv iurp grxeoh pdujlqdolvdwlrq lq erwk/ exw zkhuh wkh orvv lv uhgxfhg lq wkh xqlqiruphg
vhjphqw1 Wkxv lq jhqhudo/ zhoiduh frqfoxvlrqv duh dpeljxrxv1 Krzhyhu/ li rqh dvvxphv wkdw lw
lv w|slfdoo| odujh grzqvwuhdp ￿upv wkdw duh ehwwhu lqiruphg dqg li wkrvh ￿upv duh odujh ehfdxvh
wkh| vhuyh glvsursruwlrqdwho| odujh grzqvwuhdp pdunhwv/ wkhq wkh gdpdjh iurp wudqvsduhqf|
lv olnho| juhdwhu wkdq wkh ehqh￿w1 Li/ rq wkh rwkhu kdqg/ xqlqiruphg grzqvwuhdp ￿upv duh
uhodwlyho| lpsruwdqw dqg kdyh d kljk sulru eholhi wkhq wudqvsduhqf| pd| eh ehqh￿fldo1
71414 Wkh olqhdu h{dpsoh
Wr pdnh wkh frpsdulvrq ri zhoiduh dqg sur￿wv dfurvv uhjlphv suhflvh/ frqvlghu wkh iroorzlqj
vshfldo/ olqhdu h{dpsoh=46 Ohw wkhuh eh d frqwlqxxp ri lghqwlfdo frqvxphuv rq ^3>4‘ hdfk zlwk
46Wkh ixoo| zrunhg rxw h{dpsoh lv irxqg lq wkh Dsshqgl{1
<d ghpdqg iru wkh ￿qdo jrrg wkdw pd| eh ghvfulehg e| g+s,@d ￿ es1 D iudfwlrq ￿ ehorqjv wr
wkh lqiruphg vhjphqw/ zkloh wkh uhvw ehorqjv wr wkh xqlqiruphg vhjphqw1 Ydu|lqj ￿ doorzv xv
wr glvfxvv wkh uhodwlyh lpsruwdqfh ri wkh wzr vhjphqwv1 Wrwdo ghpdqg lq vhjphqw l pd| wkh eh
zulwwhq G￿+S￿,@d￿ ￿ e￿S￿ zlwk dU ￿ ￿d/ eU ￿ ￿e/ dL ￿ +4 ￿ ￿,d dqg eL ￿ +4 ￿ ￿,e1 Dvvxph
wkdw dAe f / zkhuh f duh wkh dfwxdo pdujlqdo frvwv ri wkh xsvwuhdp ￿up1
Iljxuh 5 looxvwudwhv Sursrvlwlrq 4= zW
L ghshqgv rq e f dv lqglfdwhg e| wkh idw olqh1 Li e f?
zWW
L @ zWW
U / wkhq wudqvsduhqf| zloo kdyh wkh h￿hfw ri lqfuhdvlqj erwk sulfhv1 Rq wkh rwkhu kdqg/
li e fAz WW
L wkhq wudqvsduhqf| zloo uhgxfh zL exw lqfuhdvh zU1 Wudqvsduhqf| zloo eh ehqh￿fldo






















Iljxuh 5= Wkh h￿hfw ri wudqvsduhqf| ghshqgv rq wkh xqlqiruphg sulru1





vr wkdw wkh sulfh zlwk wudqvsduhqf| lv ghfuhdvlqj lq wkh vl}h ri wkh lqiruphg vhjphqw uhodwlyh wr
wkdw ri wkh xqlqiruphg vhjphqw dv rqh zrxog h{shfw1 Lq idfw/ lq wkh olplw dv ￿ $ 4/ zWW
U @ f/
zkloh dw wkh rwkhu h{wuhph/ dv ￿ $ 3/z hj h wzWW
U @ zW
L1 Wkxv wkh pruh lpsruwdqw lv wkh
43lqiruphg vhjphqw/ wkh orzhu zloo wkh zkrohvdoh sulfh zlwk wudqvsduhqf| eh1 Krzhyhu lw zloo
dozd|v olh ehwzhhq f dqg zW
L vr li ￿ lv odujh/ wudqvsduhqf| kxuwv pdq| d olwwoh dqg pd| ehqh￿w
d ihz d orw li wkhlu eholhiv duh yhu| zurqj1
Zh pd| vxppdulvh wkh frpsdulvrq ri wkh wzr uhjlphv lq wkh iroorzlqj zd|1 Wdeoh 4 vkrzv
zkhq wudqvsduhqf| zloo eh suhihuuhg wr qr wudqvsduhqf| e| wkh gl￿huhqw sduwlhv lqyroyhg= Wkh
xs0 dqg grzqvwuhdp ￿upv/ frqvxphuv dqg vrflhw| dw odujh1 Wkh wdeoh lv glylghg lqwr wzr fdvhv
ghshqglqj rq zkhwkhu e f lv deryh ru ehorz  L1 Wkh suhflvh frqglwlrqv rq e f dqg ￿ pd| eh irxqg
lq wkh dsshqgl{
Wdeoh 4= Frpsdulvrq ri uhjlphv=
Zkhq lv wudqvsduhqf| suhihuuhg e| d sduw|B
Sduw| Fdvh zkhq e fA  L Fdvh zkhq e f?  L
P Qhyhu Rqo| li e f dqg ￿ duh vpdoo
UU Qhyhu Qhyhu




FV +Frqvxphuv, Qhyhu Qhyhu
Z +Vrflhw|, Qhyhu Li e f dqg ￿ duh kljk
Wkh uhvxowv iru wklv olqhdu fdvh r￿hu yhu| olwwoh vxssruw iru wudqvsduhqf|1 Wkh fdvh zkhuh wkh
xqlqiruphg kdv d yhu| kljk sulru hvwlpdwh ri f lv sduwlfxoduo| vwdun1 Zlwkrxw wudqvsduhqf|/ wkh
pdqxidfwxuhu lv deoh wr h{sorlw wkh xqlqiruphg uhwdlohu zlwkrxw hqjdjlqj lq grxeoh pdujlqdol0
vdwlrq lq wkh lqiruphg pdunhw1 Rqfh wudqvsduhqf| lv lqwurgxfhg/ wklv lv qr orqjhu wkh fdvh zlwk
grxeoh pdujlqdolvdwlrq vsloolqj ryhu wr wkh lqiruphg pdunhw/ ohdglqj wr sur￿w dqg zhoiduh orvvhv
iru doo exw wkh xqlqiruphg ￿up1 Wkh jdlq ri wkh odwwhu lv qhyhu hqrxjk wr lqfuhdvh zhoiduh1
Zkhq wkh xqlqiruphg kdv d yhu| orz sulru h{shfwdwlrq dqg wklv pdunhw lv lpsruwdqw/ ￿ vpdoo/
wkh pdqxidfwxuhu jdlqv iurp ehlqj deoh wr dgmxvw wkh eholhiv ri wkh xqlqiruphg dqg wklv jdlq
r￿vhwv wkh orvv iurp grxeoh pdujlqdolvdwlrq1
Ilqdoo|/ zkhq a f @ f/ wudqvsduhqf| kxuwv hyhu|erg|1 Vr li wkh xqlqiruphg lv fruuhfw zlwkrxw
nqrzlqj vr/ wudqvsduhqf| kxuwv doo wkh lqyroyhg sod|huv1
8H { w h q v l r q v
D qxpehu ri srvvleoh h{whqvlrqv duh frqvlghuhg= Wr ghprqvwudwh wkdw wkh txdolwdwlyh uhvxowv
gr qrw ghshqg rq wkh dvvxphg qdlyhw| ri wkh xqlqiruphg ￿up/ zh dqdo|vh wkh h￿hfwv ri
44wudqvsduhqf| lq d vlpsoh vljqdoolqj prgho zlwk ixoo Ed|hvldq udwlrqdolw|1 Vlqfh prvw uhdo zruog
fdvhv lqyroyh elodwhudo roljrsrolhv lq hdfk vhjphqw zh frqvlghu wkh fdvh ri lqfuhdvlqj grzqvwuhdp
frpshwlwlrq zlwklq hdfk vhjphqw lq vxevhfwlrq 815 iroorzhg e| d glvfxvvlrq ri zkdw kdsshqv
li wkhuh lv frpshwlwlrq ehwzhhq vhjphqwv lq vxevhfwlrq 8161 Ilqdoo| wr frxqwhu fulwlflvp ri
wkh dvvxpswlrq wkdw wkh qhjrwldwlrq ehwzhhq wkh pdqxidfwxuhu dqg wkh lqiruphg vhjphqw lv
frqfoxghg ￿uvw/ lq vxevhfwlrq 817 zh glvfxvv zkdw zrxog kdsshq li zh lqvwhdg frqvlghuhg d wzr
shulrg prgho lq zklfk shulrg 5 eholhiv frxog eh frqglwlrqhg rq wkh rxwfrphv lq shulrg rqh1
Rxu ryhudoo frqfoxvlrq lv urexvw wr hdfk ri wkhvh h{whqvlrqv1
814 Vljqdoolqj jdph
Zh kdyh dvvxphg wkdw wkh xqlqiruphg uhdfw yhu| qdlyho| wr wkh dqqrxqfhg sulfh lq wkh lqiruphg
vhjphqw1 Wklv zrxog qrw eh wkh fdvh li zh frqvlghuhg d surshu vljqdoolqj jdph1 Lq wklv
vhfwlrq zh h{whqg wkh olqhdu h{dpsoh lqwurgxfhg deryh zlwk d vljqdoolqj jdph lq rughu wr
vwxg| wkh h￿hfwv ri dvvxplqj ixoo Ed|hvldq udwlrqdolw|1 Lq wkh vhsdudwlqj htxloleulxp ri wklv
jdph/ wkh xqlqiruphg lv deoh wr lqihu wkh frvw fruuhfwo| zlwk wudqvsduhqf|/ exw zloo kdyh wr
pdnh d txdol￿hg jxhvv zlwkrxw wudqvsduhqf|1 Wkh lpsolfdwlrq zrxog eh wkdw zlwk wudqvsduhqf|
zU Afdqg zL @ f1 Lq wklv fdvh/ wkh rqo| fohdu zlqqhu lv wkh xqlqiruphg ￿up1 Dv grxeoh
pdujlqdolvdwlrq lv vzlwfkhg iurp wkh xqlqiruphg vhjphqw wr wkh lqiruphg vhjphqw/ frqvxphuv
pd| orrvh ryhudoo1
81414 Wkh vhwxs zlwkrxw wudqvsduhqf|
Wkh xsvwuhdp ￿up/ P/ nqrzv khu rzq pdujlqdo frvw f dqg wkh ghpdqg fxuyhv ri wkh wzr
uhwdlohuv G￿+S￿, zkhuh l @ L>X1 Wkh lqiruphg grzqvwuhdp uhwdlohu/ UU/ dovr nqrzv f iru vxuh1
Wkh xqlqiruphg uhwdlohu/ UL/ krzhyhu rqo| nqrzv wkh glvwulexwlrq ri f= Zh dvvxph wkdw wklv
glvwulexwlrq lv frpprqo| nqrzq wr eh xqlirupo| glvwulexwhg rq ^f>f‘1
Lq wklv sduwlfxodu h{dpsoh/ zh dvvxph wkdw lq hdfk edujdlqlqj vlwxdwlrq/ P j h w vw rs u r s r v hd
wdnh0lw0ru0ohdyh0lw r￿hu zlwk suredelolw| ￿ dqg U￿ jhwv wr sursrvh dq xowlpdwxp zlwk suredelolw|
4￿￿1 Wklv ￿edujdlqlqj prgho￿ vkduhv wkh glvwulexwlyh fkdudfwhulvwlfv ri wkh prgho xvhg lq wkh
suhylrxv vhfwlrqv/ dqg doorzv xv wr wuhdw wkh edujdlqlqj dv d vljqdoolqj jdph= dw hdfk ghflvlrq
qrgh wkhuh lv rqo| rqh sod|hu zkr pd| pryh1
45Wkh lqiruphg vhjphqw Zlwkrxw wudqvsduhqf|/ zkhq wkh edujdlqlqj vlwxdwlrqv duh lqgh0
shqghqw/ zh nqrz wkdw zkrhyhu jhwv wr sursrvh zloo nhhs wkh rwkhu sduw dw khu uhvhuydwlrq
frqwudfw1 Li P lv wkh rqh wr sursrvh/ vkh zloo vhw zW
U @ f wr pd{lpl}h wkh vxusoxv dqg vhw
IW
U @ VU+f,/v rUU kdv qrupdo sur￿wv ri 31L iUU lv wkh rqh wr sursrvh/ vkh zloo vhw zW
U @ f dqg
vhw IW
U @3dqg qrz P lv wkh rqh zlwk }hur sur￿wv +iurp wklv ghdo,1 Lq h{shfwhg whupv/ zh
wkxv kdyh zW
U @ f dqg IW
U @ ￿VU+f, dv lq Ohppd 41
Wkh xqlqiruphg vhjphqw Zlwkrxw wudqvsduhqf|/ lq wkh xqlqiruphg vhjphqw/ P zloo sur0
srvh zW
L @ f wr pd{lpl}h wkh vxusoxv dqg vhw IW
L @ VL+f, vr UL k d vq r u p d os u r ￿ w vr i31
Krzhyhu/ li UL lv wkh rqh wr sursrvh/ vkh grhv qrw srvvhvv wkh nqrzohgjh ri f exw rqo| ri lwv
glvwulexwlrq dqg vr zloo kdyh wr pd{lpl}h h{shfwhg sur￿wv1 Zh khuh dvvxph wkdw f lv fdqqrw
eh pdgh revhuydeoh wr UL dqg wkdw vkh lv ulvn qhxwudo1








Vhhq iurp UL*v shuvshfwlyh/ wkh suredelolw| ri wklv lv
Su
￿
















L+zL,, ￿ IL‘*+zL,.3 + 4￿*+zL,,











dqg iurp wkh ￿uvw rughu frqglwlrq z1u1w1 zL zh vlploduo| ￿qg wkdw IW
L @3vxfk wkdw
zW





L, ￿ f, Af




















zklfk lv srvlwlyh li wkh pdunhw h{lvwv +dL Ae Lf, exw vpdoohu wkdq 41



















L @ ￿VL+f,1 Wkh h{shfwhg ihh lv wkxv dv lq Ohppd 5 zkloh wkh h{shfwhg zkrohvdoh
sulfh lv odujhu wkdq wkh h{shfwhg frvw/ zklfk lv dovr wkh fdvh lq Ohppd 5 +lq d vhqvh,1
81415 Wudqvsduhqf| lq d vljqdoolqj prgho
Wudqvsduhqf| lqwurgxfhv vhtxhqwldolw|= Lq d vhsdudwlqj vljqdoolqj htxloleulxp/ P ru UU +gh0
shqglqj rq zkr lv fkrvhq wr pdnh wkh ￿uvw0shulrg r￿hu, zloo revhuyh wkh w|sh +l1h1 wkh wuxh f,
dqg wkhq sursrvh d zU @ ￿+f, nqrzlqj wkdw UL zloo revhuyh zU dqg lqihu wkdw wkh wuxh w|sh lv
￿3￿+zU,1 Zh wkxv kdyh d vljqdoolqj prgho ri wkh nlqg wuhdwhg e| Pdlodwk +4<;:,= Wkh vhw ri
srvvleoh w|shv lv ^f>f‘ ￿? / wkh lqiruphg djhqw*v +P*v ru UU*v, vhw ri srvvleoh dfwlrqv d￿hfwlqj
eholhiv lv ?/ wkh lqiruphg djhqw fkrrvhv d vwudwhj| zU @ ￿+^f>f‘, dv d pdsslqj irup wkh vhw ri
srvvleoh w|shv wr wkh vhw ri uhdo qxpehuv1 Lq rughu wr ￿qg wkh lqiruphg djhqw*v sd|r￿ ixqfwlrq/
ohw xv vroyh wkh jdph edfnzdugv/ vwduwlqj zlwk wkh xqlqiruphg vhjphqw1





zklfk zloo pd{lpl}h khu sur￿wv1
Li UL/ zkr qrz eholhyhv wkdw wkh frvw lv e f @ ￿3￿+zU, lv fkrvhq wr sursrvh/ vkh zloo vxjjhvw






















+￿3￿+zU, ￿ f,+dL ￿ eL￿3￿+zU,,












Wkh lqiruphg vhjphqw Li P lv fkrvhq wr sursrvh/ vkh zloo nhhs UU dw khu uhvhuydwlrq ydoxh
ri 3 e| vhwwlqj
IU @+ SW





dqg wkhq vroyh wkh iroorzlqj pd{lpl}dwlrq sureohp
pd{
￿U
X+f>e f>zU, @ pd{
￿U
+zU ￿ f,GU+SW






+zU ￿ f,+dU ￿ eUzU,.IU . H￿L
￿+zU,
e| ￿qglqj wkh vroxwlrq wr wkh iroorzlqj ￿uvw rughu frqglwlrq +vwulfw lqfhqwlyh frpsdwlelolw|,=

















zklfk zkhq hydoxdwhg dw ￿3￿+zU,@f jlyhv xv Pdlodwk*v +4<;:, gl￿huhqwldo htxdwlrq +GH,=
￿￿+f,@
￿






Vlqfh X￿ ￿ gX@gzU @ ￿
2eU+f ￿ zU,@3kdv d xqltxh vroxwlrq lq zU @ f wkdw pd{lpl}hv
X+f>f>zU, dqg X2 @ gX@ge f @+ dU ￿5eUzU .eUf,@7 A 3/ wkh lqlwldo ydoxh frqglwlrq lv ￿+f,@f1
Ixuwkhupruh wkh vlqjoh furvvlqj frqglwlrq g+X￿@X2,@gf A 3 lv ixo￿oohg vr zh nqrz iurp Pdlodwk
+4<;:, wkdw wkhuh lv d xqltxh/ prqrwrqlfdoo| lqfuhdvlqj/ frqwlqxrxv vroxwlrq wr wkh vljqdoolqj
jdph zklfk lv ghvfulehg e| +43,1
48Fohduo| ￿￿+f, A 3 li dqg rqo| li zU @ ￿+f, Af /v rr q o |d wzU @ f zloo P qrw pdun xs wkh
wuxh frvw1 Rwkhuzlvh vkh kdv wr ehfdxvh UL zloo glvfrxqw zkdwhyhu rwkhu zU vkh revhuyhv1
Li UU lv fkrvhq wr sursrvh/ vkh zloo nhhs P dw khu uhvhuydwlrq ydoxh ri 3 e| vhwwlqj
+zU ￿ f,GU+SW
U +zU,, . IU . H￿L
￿+zU,@3
dqg wkhq vroyh wkh iroorzlqj pd{lpl}dwlrq sureohp
pd{
￿U
X+f>e f>zU, @ pd{
￿U
+SW
U +zU, ￿ zU,GU+SW




U +zU, ￿ f,GU+SW


















zklfk lv lghqwlfdo wr +<,1 Vr wkh dqdo|vlv ohdglqj wr +43, ehlqj wkh xqltxh/ prqrwrqlf/ frqwlq0
xrxv vroxwlrq wr wkh vljqdoolqj jdph zlwk lqlwldo frqglwlrq ￿+f,@f lv xqfkdqjhg1
Wr vxppdulvh= Zlwkrxw wudqvsduhqf|/ zW
U @ f dqg H +zW
L, AH+f,1 Zlwk wudqvsduhqf|
zWW
U Afiru fAfdqg zWW
L @ f1 Wkh h￿hfw ri lqwurgxflqj wudqvsduhqf| lq wkh vljqdoolqj
prgho lv wkxv wr lqfuhdvh zU dqg lqfuhdvh ru ghfuhdvh zL/ mxvw dv lq vhfwlrq 71 Wkh zhoiduh
h￿hfwv uhpdlq txdolwdwlyho| xqfkdqjhg/ ghshqglqj rq zkhuh wkh grxeoh pdujlqdolvdwlrq grhv
wkh juhdwhu gdpdjh1
815 Elodwhudo roljrsrolhv
Lq d forvho| uhodwhg prgho ri elodwhudo roljrsrolhv/ zh kdyh vkrzq wkdw wudqvsduhqf| kdv wkh
vdph h￿hfw dv lq wkh elodwhudo prqrsrolhv/ vhh Kyllg dqg Pßoojddug +4<<<,= D gxrsro| surgxfhv
dq lqwhuphgldwh jrrg dqg vhoov wklv wr wzr fxvwrphu vhjphqwv zlwk lqghshqghqw ghpdqg fxuyhv1
Wr nhhs lw vlpsoh/ lq hdfk pdunhw vhjphqw wkhuh duh rqo| wzr ex|huv zkr edujdlq zlwk wkh
surgxfhuv1 Zh vkrz wkdw/ gxh wr lqwhuphgldwh surgxfw gl￿huhqwldwlrq/ wkh ex|hu qhyhu ex|v
iurp pruh wkdq rqh vhoohu147 Wkh vroxwlrq wr wklv edujdlqlqj sureohp lv irxqg xvlqj Qdvk
47Wklv lv lq frqwudvw wr Grevrq dqg Zdwhuvrq +4<<9,/ zkr dqdo|vh wkh h￿hfwv ri uhvdoh sulfh pdlqwhqdqfh1 Lq
wkhlu prgho/ hdfk grzqvwuhdp uhwdlohu zdqwv wr fduu| wkh surgxfw ri erwk xsvwuhdp pdqxidfwxuhuv dqg wkxv
edujdlqlqj rffxu ehwzhhq xsvwuhdp ￿up ￿ dqg grqzvwuhdp ￿up ￿1 Li wkh frvwv ri wkh pdqxidfwxuhuv duh lq dq|
zd| fruuhodwhg/ qhjrwldwlqj zlwk erwk pdqxidfwxuhuv jlyhv hdfk uhwdlohu dq dgglwlrqdo vrxufh ri lqirupdwlrq dqg
lqihuulqj wkh frvwv pd| wkxv eh uhodwlyho| vshdnlqj eh hdvlhu1 Zh eholhyh wkdw rxu irupxodwlrq r￿huv d ehwwhu
fkdqfh wr vxssruw wkh dujxphqw iru wudqvsduhqf| sxw iruzdug e| wkh Gdqlvk Frpshwlwlrq Frxqflo1
49edujdlqlqj zlwk hqgrjhqrxv wkuhdwsrlqwv= Li qhjrwldwlrqv ehwzhhq d surgxfhu dqg d fxvwrphu
euhdn grzq/ wkh odwwhu pd| dssurdfk wkh rwkhu surgxfhu wr rewdlq vxssolhv wkhuh1 Wkh wzr
pdunhw vhjphqwv rshudwh hqwluho| lqghshqghqwo| dv orqj dv sulfhv dqg glvfrxqwv duh vhfuhw1 Wkh
uhvxowv ri wklv pruh frpsolfdwhg prgho duh txdolwdwlyho| qrw dq| gl￿huhqw iurp wkrvh rewdlqhg
deryh1
816 Frpshwlwlrq ehwzhhq wkh vhjphqwv
Li wkh wzr uhwdlohuv duh frpshwlqj/ wkh lqfhqwlyh wr eldv wkh lqihuhqfh ri wkh xqlqiruphg vwloo
h{lvw1 Lw zloo fohduo| eh whpshuhg e| wkh orvvhv lq wkh wrwdo uhyhqxh iurp wkh fkdqjh lq wkh
zd| wkh ￿upv frpshwh/ exw wkh xsvwuhdp ￿up zloo suhihu wr eldv wkh sulfhv ehfdxvh dowkrxjk
lw ohdgv wr d orzhu ryhudoo sur￿w/ wkh xsvwuhdp ￿up zloo jhw d odujhu volfh ri wklv1
Wkh uhvxowv ri PfDihh dqg Vfkzduw} +4<<7, dqg R*Eulhq dqg Vkd￿hu +4<<7, pd| dovr eh
lqwhusuhwhg lq whupv ri wudqvsduhqf|1 Wkh| irfxv rq wkh h￿hfw ri wudqvsduhqf| rq vwuhqjwkhqlqj
wkh frpplwphqw ri ￿upv qrw wr uhqhjrwldwh frqwudfwv ehwzhhq xsvwuhdp dqg grzqvwuhdp ￿upv1
PfDihh dqg Vfkzduw} +4<<7, vwxg| elodwhudo frqwudfwlqj ehwzhhq dq lqsxw vxssolhu dqg
+frqwudu| wr rxu prgho, frpshwlqj grzqvwuhdp ￿upv zlwkrxw frpplwphqw uhjduglqj rwkhu
frqwudfwv* whupv1 Hdfk grzqvwuhdp ￿up wkhq ihduv uhqhjrwldwlrq ehwzhhq wkh xsvwuhdp ￿up
dqg lwv ulydo+v,1 Wkh| vkrz wkdw qrqglvfulplqdwlrq fodxvhv jhqhudoo| duh qrw vx!flhqw wr
dvvxdjh vxfk ihduv dqg wkdw fuxgh irupv ri frpplwphqw pd| eh dgrswhg wr uhdvvxuh wkh
grzqvwuhdp ￿upv1 Lq sduwlfxodu/ frqwudfw whupv pd| eh pdgh wudqvsduhqw dqg xqlirup dfurvv
￿upv lq rughu wr uhgxfh wkh vfrsh iru fdprx djlqj vhohfwlyh glvfrxqwlqj1
R*Eulhq dqg Vkd￿hu +4<<7, dqdo|vh wkh h￿hfw ri wkh Urelqvrq0Sdwpdq dfw zklfk pdgh lw
xqodzixo iru dq xsvwuhdp ￿up wr glvfulplqdwh lq sulfh ehwzhhq wzr gl￿huhqw grzqvwuhdp ￿upv1
Wkhlu prgho lv d wkuhh vwdjh jdph ehwzhhq rqh pdqxidfwxuhu dqg wzr uhwdlohuv lq zklfk wkh
pdqxidfwxuhu ￿uvw sxeolfo| dqqrxqfh wkh vxsso| whupv iru hdfk uhwdlohu1 Vxevhtxhqwo|/ sulydwh
uhqhjrwldwlrq ehwzhhq uhwdlohu+v, dqg pdqxidfwxuhu pd| wdnh sodfh1 Ilqdoo| wkh uhwdlohuv frp0
shwh1 Wkh h￿hfw ri wkh Urelqvrq0Sdwpdq dfw lq wkh prgho lv hlwkhu wr uxoh rxw dq| uhqhjrwldwlrq
dw doo ru wr olplw wkh uhqhjrwldwlrq wr d ￿{hg ihh/ wkxv ￿{lqj wkh wudqvihu sulfh dw wkh lqlwldo
dqqrxqfhphqw e| wkh pdqxidfwxuhu/ wkhuhe| pdnlqj lw wudqvsduhqw1 Wklv lpsolhv wkdw lq wkhlu
prgho/ zh fdq htxdwh Urelqvrq0Sdwpdq zlwk wudqvsduhqf| ri wudqvihu sulfhv1 Wkhlu uhvxow lv
4:wkdw wkh Urelqvrq0Sdwpdq dfw ohdg wr kljkhu wudqvihu sulfhv dqg uhwdlo sulfhv dqg khqfh e|
lpsolfdwlrq wr wkh frqfoxvlrq wkdw wudqvsduhqf| lv ghwulphqwdo iru zhoiduh1 Wkh fodvv ri prghov
frqvlghuhg e| R*Eulhq dqg Vkd￿hu +4<<7, wkxv r￿huv qr vxssruw iru wkh xvh ri wudqvsduhqf| lq
frpshwlwlrq srolf|1
817 Wzr0shulrg prgho= Vhtxhqwldo pryhv1
Wkh uhvxowv vr idu ghshqg rq wkh edujdlqlqj ehwzhhq wkh pdqxidfwxuhu dqg wkh lqiruphg uhwdlohu
lv frqfoxghg ￿uvw1 Wklv pd| vhhp xqgxo| uhvwulfwlyh1 Dvvxph dv dq dowhuqdwlyh wkdw wkhuh duh
wzr shulrgv dqg lq hdfk shulrg/ wkh wzr qhjrwldwlrqv rffxu vlpxowdqhrxvo|1 Wudqvsduhqf| lq
wklv vhw xs dprxqwv wr dvvxplqj wkdw shulrg rqh sulfhv duh nqrzq wr doo ehiruh shulrg wzr
edujdlqv duh frqfoxghg1 Wudqvsduhqf| kdv qr h￿hfw rq wkh xqlqiruphg ￿up lq shulrg rqh
ehfdxvh lw kdv qr xvhixo lqirupdwlrq derxw wkh pdujlqdo frvwv ri wkh xsvwuhdp ￿up |hw1 Wkxv
wkh ￿uvw0shulrg zkrohvdoh sulfh lv zW
L lq erwk uhjlphv1 Vlploduo|/ wkhuh lv qr h￿hfw lq wkh
lqiruphg vhjphqw lq wkh vhfrqg shulrg dv wkhuh lv qr ixwxuh wr d￿hfw= zW
U @ f1 Wkh rqo|
h￿hfw lv wkxv rq wkh lqiruphg vhjphqw lq shulrg rqh dqg wkh xqlqiruphg vhjphqw lq shulrg




L zkloh lq wkh uhjlph zlwk




L dv lq vhfwlrq 71
9F r q f o x v l r q
Iurp wkh dqdo|vlv lq wklv sdshu lw lv fohdu wkdw wkh pdlq h￿hfw ri wkh wudqsduhqf| srolf| lq
pdunhwv zlwk frxqwhuydlolqj srzhu lv wkh vkliwlqj ri prvw ru doo ri wkh grxeoh pdujlqdolvdwlrq
sureohp iurp wkh xqlqiruphg vhjphqw wr wkh lqiruphg vhjphqw1 Wkxv zh kdyh ghprqvwudwhg
wkdw lw pd| eh wkh fdvh wkdw lqfuhdvhg wudqvsduhqf| ohdgv wr orzhu sulfhv rq dyhudjh1 Krzhyhu/
iru wklv wr eh wkh fdvh/ lw pxvw eh wuxh wkdw wkh xqlqiruphg vhjphqw lv pxfk pruh lpsruwdqw lq
whupv ri ghpdqg wkdq lv wkh lqiruphg vhjphqw dqg lq dgglwlrq wkdw wkh xqlqiruphg grzqvwuhdp
￿upv kdyh yhu| zurqj eholhiv derxw wkh frvwv ri wkh xsvwuhdp ￿up/ vhh Ilj1 51 Hpslulfdoo|/
rqh pljkw h{shfw wkh rssrvlwh wr eh wuxh lq prvw lqgxvwulhv dqg wkxv lw zrxog dsshdu pruh
olnho| wkdw wkh dyhudjh sulfh jrhv xs udwkhu wkdq grzq1
Qrwh wkdw rxu prgho suhglfw sulfh pryhphqwv iroorzlqj d vkliw wr wudqvsduhqf| zklfk duh
vlplodu wr wkh wkhrulhv edvhg rq wudqvsduhqf| lpsurylqj ￿upv delolw| wr frooxgh/ vxfk dv DoeØn
4;hw do +4<<:, ru Qlovvrq +4<<<,1 Wr glvwlqjxlvk ehwzhhq wkhvh wkhrulhv/ qrwh wkdw/ zkloh erwk
zrxog suhglfw wkdw wkh sulfh fkdujhg wr lqiruphg ￿upv zrxog eh lqfuhdvhg/ wkh frxqwhuydlolqj
srzhu prgho suhglfwv wkdw wkh sulfh wr wkh xqlqiruphg zloo idoo1 Wkxv li doo sulfhv ulvh diwhu
wkh vkliw wr wudqvsduhqf|/ wkh frooxvlrq prgho lv pruh fuhgleoh/ zkhuhdv li sulfhv idoo wr vrph
fxvwrphuv/ lq sduwlfxodu wr vpdoohu fxvwrphuv/ wkh frxqwhuydlolqj srzhu prgho lv pruh fuhgleoh1
Dowkrxjk lq ghulylqj wkh uhvxowv/ zh kdyh pdgh d qxpehu ri vwurqj dvvxpswlrqv/ lq hdfk
fdvh/ wkh dlp kdv ehhq wr pdnh lw pruh olnho| wkdw sulfhv idoo xqdpeljxrxvo| dv d frqvhtxhqfh
ri wkh lqfuhdvhg wudqvsduhqf|1 Hyhq vr/ lw kdv wxuqhg rxw wr eh kdug wr rewdlq vxfk d uhvxow1 Lq
dgglwlrq/ wkh lqwxlwlrq surylghg e| wkh prgho/ wkdw wudqvsduhqf| d￿hfwv wkh ghjuhh ri grxeoh
pdujlqdolvdwlrq lq vxepdunhwv/ vxjjhvwv wr xv wkdw rxu txdolwdwlyh uhvxowv duh yhu| urexvw1 Wklv
dggv wr wkh grxew derxw wkh dssursuldwhqhvv ri wudqvsduhqf| dv dq lqvwuxphqw iru frpshwlwlrq
srolf| dqg frqvxphu surwhfwlrq srolf| lq frqfhqwudwhg pdunhwv1
4<OLWHUDWXUH=
DoeØn/ V1> K1S1 Pßoojddug ) S1E1 Ryhujddug +4<<9, ￿Odz0Dvvlvwhg FrooxvlrqB Wkh Wudqv0
sduhqf| Sulqflsoh ri wkh Gdqlvk Frpshwlwlrq Dfw/￿ Hxurshdq Frpshwlwlrq Odz Uhylhz
4:+9,/ 66<06761
DoeØn/ V1> K1S1 Pßoojddug ) S1E1 Ryhujddug +4<<:, ￿Jryhqphqw0Dvvlvwhg Roljrsro| Frru0
glqdwlrqB D Frqfuhwh Fdvh/￿ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv 78= 75<07761
DoeØn/ V1> K1S1 Pßoojddug ) S1E1 Ryhujddug +4<<;, ￿Wkh Gdqlvk Frpshwlwlrq Dfw dqg
Eduulhuv wr Hqwu|/￿ Fkdswhu 8 ri Vwhskhq Pduwlq +hg1, Frpshwlwlrq Srolflhv lq Hxursh/
Hovhylhu Vflhqfh E1Y1
Frpshwlwlrq Frxqflo +4<<7d, NrqnxuuhqfhQ|w +Qhzvohwwhu= Pd| 44/ 4<<7,/ 51
Frpshwlwlrq Frxqflo +4<<7e, NrqnxuuhqfhQ|w +Qhzvohwwhu= Mxo| 44/ 4<<7,/ 71
Frpshwlwlrq Frxqflo +4<<8d, NrqnxuuhqfhQ|w +Qhzvohwwhu= Mxqh 55/ 4<<8,/ 51
Frpshwlwlrq Frxqflo +4<<8e, NrqnxuuhqfhQ|w +Qhzvohwwhu= Ghf1 53/ 4<<8,/ 51
Frpshwlwlrq Frxqflo +4<<9d, NrqnxuuhqfhQ|w +Qhzvohwwhu= Pdu1 :/ 4<<9,/ Lqvhuw1
Frpshwlwlrq Frxqflo +4<<9e, NrqnxuuhqfhQ|w +Qhzvohwwhu= Rfw1 43/ 4<<9,/ 6081
Gdqlvk Plqlvwu| ri Wudgh dqg Lqgxvwu| +4<<<, WØw sŁ Hukyhuyvsrolwlnnhq +Lqgxvwuldo Srolf| Xs
Forvh,/ Frshqkdjhq/ Ghqpdun +dydlodeoh rq kwws=22zzz1hp1gn2sxeolnd2pdunhgvsro2,1
Grevrq/ S1Z1 dqg P1 Zdwhuvrq/ 4<<9/ ￿Wkh Frpshwlwlrq H￿hfwv ri Uhvdoh Sulfh Pdlqwh0
qdqfh￿/ plphr/ Xqlyhuvlw| ri Zduzlfn1
Grevrq/ S1Z1 ) P1 Zdwhuvrq +4<<:, ￿Frxqwhuydlolqj Srzhu dqg Frqvxphu Sulfhv/￿ Hfrqrplf
Mrxuqdo 43:+774,= 74;07631
Jdoeudlwk/ M1N1 +4<89, Dphulfdq Fdslwdolvp ￿ Wkh Frqfhsw ri Frxqwhuydlolqj Srzhu/ Ervwrq=
Krxjkwrq Pl"lq Fr1 +5qg/ uhylvhg hglwlrq,1
Kduw/ R1 ) M1 Wluroh +4<<3, ￿Yhuwlfdo Lqwhjudwlrq dqg Pdunhw Iruhforvxuh￿ Eurrnlqjv Sdshuv
rq Hfrqrplf Dfwlylw|= 53805:91
Kyllg/ P1 ) K1S1 Pßoojddug +4<<<, ￿Frxqwhuydlolqj Srzhu dqg Sulfh Wudqvsduhqf|= Wkh fdvh
ri elodwhudo gxrsrolhv￿ plphr Ghsduwphqwv ri Hfrqrplfv/ Xqlyhuvlw| ri Zduzlfn dqg
Frshqkdjhq Exvlqhvv Vfkrro1
PfDihh/ U1S1 ) P1 Vfkzduw} +4<<7, ￿Rssruwxqlvp lq Pxowlodwhudo Yhuwlfdo Frqwudfwlqj=
Qrqglvfulplqdwlrq/ H{foxvlylw|/ dqg Xqliruplw|￿ Dphulfdq Hfrqrplf Uhylhz ;7+4,= 5430
5631
Pdlodwk/ J1M1/ 4<;:/ ￿Lqfhqwlyh Frpsdwlelolw| lq Vljqdoolqj Jdphv zlwk d Frqwlqxxp ri
W|shv￿/ Hfrqrphwulfd/ 88/ 467<046981
53Pßoojddug/ K1 S1 ) S1 E1 Ryhujddug +5333, ￿Pdunhw Wudqvsduhqf|= D Pl{hg EohvvlqjB￿ FLH
Zrunlqj Sdshu <<048/ Fhqwuh iru Lqgxvwuldo Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq1
Qlovvrq/ Duylg +4<<<, ￿Wudqvsduhqf| dqg Frpshwlwlrq￿ gudiw Vwrfnkrop Vfkrro ri Hfrq0
prplfv1
R*Eulhq/ G1S ) J1 Vkd￿hu +4<<7, ￿Wkh Zhoiduh H￿hfwv ri Iruelgglqj Glvfulplqdwru| Glv0
frxqwv= D Vhfrqgdu| Olqh Dqdo|vlv ri Urelqvrq0Sdwpdq￿ Mrxuqdo ri Odz/ Hfrqrplfv/
dqg Rujdql}dwlrq 43+5,= 5<9064;1
Rveruqh/ P1M1 dqg D1 Uxelqvwhlq +4<<3, Edujdlqlqj dqg Pdunhwv Vdq Glhjr= Dfdghplf Suhvv1
Vq|ghu/ F1P1 +4<<9, ￿D G|qdplf Wkhru| ri Frxqwhuydlolqj Srzhu￿ UDQG Mrxuqdo ri Hfr0
qrplfv 5:+7,= :7:0:9<1
Vwljohu/ J1 +4<97, ￿D Wkhru| ri Roljrsro|￿ Mrxuqdo ri Srolwlfdo Hfrqrp| :5= 770941
yrq Xqjhuq0Vwhuqehuj/ W1 +4<<9, ￿Frxqwhuydlolqj Srzhu Uhylvlwhg/￿ Lqwhuqdwlrqdo Mrxuqdo ri
Lqgxvwuldo Rujdql}dwlrq 47= 83:08531
54D Dsshqgl{= D Olqhdu H{dpsoh
Lq rughu wr dqdo|vh wkh h￿hfwv ri wudqvsduhqf| lq pruh ghwdlo/ zh frqvlghu d vlpsoh olqhdu
h{dpsoh1 Wklv h{dpsoh hqdeohv d glvfxvvlrq ri h￿hfwv rq erwk zhoiduh dqg wkh sur￿wdelolw| ri
wkh ￿upv lqyroyhg1
Ohw wkhuh eh d frqwlqxxp ri lghqwlfdo frqvxphuv rq ^3>4‘ hdfk zlwk d ghpdqg iru wkh ￿qdo
jrrg wkdw pd| eh ghvfulehg e| g+s,@d ￿ es1 D iudfwlrq ￿ ehorqjv wr wkh lqiruphg vhjphqw/
zkloh wkh uhvw ehorqjv wr wkh xqlqiruphg vhjphqw1 Wrwdo ghpdqg lq vhjphqw l pd| wkh eh
zulwwhq G￿+S￿,@d￿ ￿ e￿S￿ zlwk dU ￿ ￿d/ eU ￿ ￿e/ dL ￿ +4 ￿ ￿,d dqg eL ￿ +4 ￿ ￿,e1 Dvvxph
wkdw dAe f / zkhuh f duh wkh dfwxdo pdujlqdo frvwv ri wkh xsvwuhdp ￿up1
Lq hdfk vhjphqw/ wkh uhwdlohu dqg pdqxidfwxuhu qhjrwldwh d sulfh iru wkh lqwhuphgldwh jrrg1
Jlyhq wklv/ wkh uhwdlohu vhwv wkh uhwdlo sulfh S￿1 Zh dvvxph wkdw d wzr sduw wdul￿ lv xvhg lq hdfk
vhjphqw vr wkdw wkh wrwdo sd|phqw iurp Uhwdlohu l wr wkh Pdqxidfwxuhu lv z￿t￿ . I￿ zkhq wkh
uhwdlohu sxufkdvhv t￿ xqlwv1 Uhwdlohu l*v sur￿w fdq wkxv eh zulwwhq ￿-￿+S￿,@+ S￿￿z￿,G￿+S￿,￿I￿1




















zkhuhdv wkh sur￿wv ri wkh xsvwuhdp pdqxidfwxuhu lq pdunhw vhjphqw l duh
















D1414 Wkh lqiruphg vhjphqw
Frqvlghu wkh qhjrwldwlrq zlwkrxw wudqvsduhqf|1 Lq wkh lqiruphg vhjphqw wrwdo sur￿wv wr wkh
wzr sduwlhv lv/ lq fdvh ri uhdfklqj dq djuhhphqw/ ￿￿￿+z￿,.￿ -￿ +z￿,.￿ ￿L +a f,> zkloh li
wkh| gr qrw djuhh/ wkhlu wrwdo sur￿w ehfrphv ￿￿L +a f, vr wkdw wkhlu vxusoxv/ VU +zU,/ ehfrphv








+zU ￿ f,+dU ￿ eUzU, +44,
Wrwdo vxusoxv lv pd{lpl}hg dw
zW
U @ f +45,































D1415 Wkh xqlqiruphg vhjphqw
Lq wklv fdvh/ wkh uhwdlohu kdv d sulru eholhi derxw f/j l y h qe |a f d q gl vx q z l o o l q jw rd f f h s wd
zL kljkhu wkdq a f1 Lw pd| vwloo eh lq wkh lqwhuhvw ri wkh pdqxidfwxuhu wr r￿hu d wudqvihu sulfh
ehorz a f ehfdxvh wklv pd| ohdg wr idu wrr kljk d sulfh1 Ohw  L eh wkh wudqvihu sulfh zklfk wkh
Pdqxidfwxuhu zrxog fkdujh li wklv ohdg wkh uhwdlohu wr eholhyh wkdw wkh frvwv ri wkh pdqxidfwxuhu
lv  L dqg wkh dvvrfldwhg ￿{hg hohphqw lv
IL @+ 4￿ ￿,
+d ￿ e L,
2
;e























Zh kdyh wkxv ghwhuplqhg wkh frqwudfw=
zW






Wkh fruuhvsrqglqj ￿{hg hohphqw/ IW







H +4 ￿ ￿,
E@3Ke S￿2
K li e f?  L
￿
￿H +4 ￿ ￿,
E@3KS￿2
K li e fA  L
































li e f?  L
￿




li e fA  L
+4;,






e +4 ￿ ￿,
E@3Ke S￿2
2K li e f?  L
￿
b +4 ￿ ￿,
E@3KS￿2
2K li e fA  L
D15 Wudqvsduhqf|
Lq wkh fdvh ri wudqvsduhqf|/ zh qhhg wr vroyh wkh jdph lq wkh xqlqiruphg vhjphqw ￿uvw dv wkh
rxwfrph ri wklv vhjphqw ghshqgv rq dq| djuhhphqw uhdfkhg lq wkh lqiruphg vhjphqw1
D1514 Wkh xqlqiruphg vhjphqw
Li qr djuhhphqw lv uhdfkhg lq wkh lqiruphg vhjphqw/ wkh xqlqiruphg fdqqrw pdnh dq| lqihuhqfh
dqg khqfh wkh rxwfrph zloo eh wkh vdph dv xqghu qr wudqvsduhqf|/ zlwk wkh sur￿wv ri wkh wzr
￿upv jlyhq lq +4:, dqg +4;,1 Li dq djuhhphqw lv uhdfkhg/ wkh xqlqiruphg uhwdlohu revhuyhv
wkh wudqvihu sulfh zU dqg/ dv xqghu qr wudqvsduhqf| zU @ f/ lqihuv wkdw wkh wuxh ydoxh ri f/
H +fmzU ,@zU1 Jlyhq wklv lqihuhqfh/ wkh xqlqiruphg ￿up dffhswv d sulfh ri zWW































D1515 Wkh lqiruphg vhjphqw
Wkh lpsruwdqw gl￿huhqfh ehwzhhq wkh wudqvsduhqf| dqg wkh qr0wudqvsduhqf| fdvh lv wkdw li dq
djuhhphqw lv uhdfkhg/ wklv lv revhuyhg e| wkh xqlqiruphg ￿up dqg xvhg lq wkh edujdlqlqj lq
wkdw vhjphqw1 Wr vhh wkh srwhqwldo lpsdfw ri wklv/ qrwh wkdw/ dw qr0wudqvsduhqf| wudqvihu sulfh
zW
U @ f/ wkh xsvwuhdp ￿up zrxog sur￿w iurp lqfuhdvlqj z￿ dv
g￿￿L +zU,
gzU





+4 ￿ ￿,+d ￿ef, A 3
Wr ￿qg wkh wrwdo vxusoxv lq wkh lqiruphg vhjphqw/ qrwh wkdw/ li wkh wzr sduwlhv uhdfk dq
djuhhphqw/ wkhlu wrwdo sur￿wv duh ￿￿￿+z￿,.￿ -￿ +z￿,.￿ ￿L +zU,@VU +zU,.￿ ￿L +zU,/
57zkloh wkhlu wrwdo sur￿w lq fdvh qr djuhhphqw lv uhdfkhg lv ￿￿L +a f, ehfdxvh/ dowkrxjk wkhuh lv
wudqvsduhqf|/ wkhuh lv qr wudqvihu sulfh wr revhuyh1 Wkxv wrwdo vxusoxv fdq eh h{suhvvhg dv
VA
U +zU,@VU +zU,.￿ ￿L +zU, ￿ ￿￿L +a f,
Wkh wkuhh whupv duh jlyhq lq +44,/ +4<, dqg +4:, uhvshfwlyho| vr wkdw wrwdo vxusoxv lq wkh


















￿ ￿￿L +a f,
Wkh fruuhvsrqglqj ￿uvw0rughu frqglwlrq iurp pd{lplvlqj VA
U +zU, zlwk uhvshfw wr zU fdq eh
zulwwhq dv


















Frpsdulqj +55, zlwk +45, dqg +49, lw lv reylrxv wkdw zW
U @ f?z WW
U ?z W











vr wkdw wkh sulfh zlwk wudqvsduhqf| lv ghfuhdvlqj lq wkh vl}h ri wkh lqiruphg vhjphqw uhodwlyh
wr wkdw ri wkh xqlqiruphg vhjphqw dv rqh zrxog h{shfw1 Lq idfw lq wkh olplw dv ￿ $ 4/ zWW
U @ f/
zkloh dw wkh rwkhu h{wuhph/ dv ￿ $ 3/z hj h wzWW
U @ zW
L1









2 +4 ￿ ￿,
￿









K li e fA  L






































58D1516 Sur￿wv lq wkh xqlqiruphg vhjphqw
Kdylqj ghwhuplqhg zWW


















? 3 li ￿ 5 ^3>4‘



























D16 Frpsdulvrq ri surwv dqg zhoiduh dfurvv uhjlphv
Zh ￿uvw dvvxph wkdw zW
L @  L/ wkh xquhvwulfwhg fdvh/ dqg wkhq wuhdw wkh pruh lqyroyhg uh0
vwulfwhg fdvh +zW
L @ e f, diwhuzdugv1
D1614 Wkh xquhvwulfwhg fdvh










Qrwh wkdw wklv lv d ghfuhdvlqj ixqfwlrq ri ￿= Wkh pdqxidfwxuhu zrxog lqghhg suhihu wr kdyh d
yhu| vpdoo lqiruphg vhjphqw li kh lv iuhh wr vhw sulfhv lq wkh xqlqiruphg vhjphqw/ zklfk zloo eh














Sur￿wv duh kljkhu zlwk wudqvsduhqf| li
5+4; ￿ 58￿ .4 5 ￿2 . ￿￿,
+6 ￿ ￿,2 A 7 ￿ ￿
exw wklv zrxog uhtxluh wkdw ￿4 :.4 7 ￿ ￿ 9￿2 A 3/ zklfk fdq qhyhu eh wkh fdvh1 Wkxv pdqx0
idfwxuhu sur￿wv duh kljkhu zlwkrxw wudqvsduhqf| wkdq zlwk wudqvsduhqf|1











zklfk krogv zlwk lqhtxdolw| iru doo ￿?4 dqg zlwk htxdolw| zkhq ￿ @4 1 +Wklv lv lqghshqghqw
ri e f,1













h{fhsw zkhq ￿ @3+lq zklfk fdvh wkhuh lv htxdolw|,1












dqg lw lv hdvlo| fkhfnhg wkdw frqvxphu vxusoxv lv qhyhu kljkhu zlwk wudqvsduhqf| xqohvv ￿ @4
lq zklfk fdvh lw grhv qrw pdwwhu1








zkloh wkh wudqvsduhqf| uhjlph |lhogv
ZA @




ZAZ A iru doo ￿ 5 ^3>4, dqg Z @ ZA zkhq ￿ @4 =
D17 Wkh uhvwulfwhg fdvh
Zh qrz dvvxph wkdw f?z W




￿f1 Wkh pdqxidfwxuhu*v sur￿w zlwkrxw wudqvsduhqf|





+4 ￿ ￿,+e f ￿ f,+d ￿ ee f,
5
.
+4 ￿ ￿,+d ￿ ee f,2
;e







+e f ￿ f,+d ￿ ee f,
5
.












|2 .6 |32 Ai+￿, +5:,
5:zkhuh { ￿ e S3S
@3Ke S 5 +3> ￿
2K,/ | ￿ @3KS
@3Ke S 5 +4> ￿
2,> dqg
i+￿,@
69 ￿ ::￿ .9 ￿2 ￿5￿￿
+6 ￿ ￿,2+4 ￿ ￿,
Wkh ghqrplqdwru lv dozd|v srvlwlyh1 Wkh qxphudwru 69￿::￿.9￿2￿5￿￿ A 3 zkhq ￿?3=7;5::
dqg qhjdwlyh zkhq ￿A3=7;5::= Wkxv/ jlyhq rxu dvvxpswlrqv/ +59, lv dozd|v ixo￿oohg zkhq
￿A3=7;5::1
Wkh ohiw0kdqg vlgh ri +5:, wdnhv d plqlpxp ri 6 zlwk uhvshfw wr e f zkhq e f @ f dqg d
pd{lpxp ri ; zkhq e f @  L1 Wkh uljkw kdqg vlgh wdnhv d pd{lpxp ri 7 zkhq ￿ @3 1W k x v
iru vpdoo ￿ dqg vpdoo e f lw lv srvvleoh wkdw wkh frqglwlrq lv ylrodwhg/ vr wkh pdqxidfwxuhu zrxog
suhihu wudqvsduhqf|/ rwkhuzlvh wkh qr0wudqvsduhqf| uhjlph lv suhihuuhg1 Wr eh suhflvh/ wkh
pdqxidfwxuhu suhihuv qr0wudqvsduhqf| li











zklfk lv ghfuhdvlqj lq ￿/ wdnlqj d pd{lpxp ri e f @  L dw ￿ @3 / lq zklfk fdvh P lv lqgl￿huhqw
ehwzhhq wkh wzr uhjlphv1 Li 4 ￿
2 s
7 ￿ i+￿, ￿ 3/r ul i￿ ￿ 3=58: wkhq wklv uhtxluhphqw mxvw
dprxqwv wr e fAf 1 Lq wklv h{dpsoh wkhq/ P zloo rqo| suhihu wudqvsduhqf| li











d ￿ ee f
e
￿2






























zklfk lv d ghfuhdvlqj ixqfwlrq ri ￿= Li ￿ dqg e f duh erwk orz/ wkh pdqxidfwxuhu zloo xvh wkh
vpdoo lqiruphg pdunhw wr udlvh wkh zkrohvdoh sulfh lq wkh xqlqiruphg vhjphqw1




^￿+d ￿ ef,2 .+ 4￿ ￿,+d ￿ ee f,2‘
















7 ￿ +6 ￿ ￿,2￿
4 ￿ ￿























7 ￿ +6 ￿￿,2￿
+6 ￿ ￿,2+4 ￿ ￿,
A 4
dqg wkh odvw lqhtxdolw| lv qhyhu wuxh/ vr frqvxphu vxusoxv lv orzhu zlwk wudqvsduhqf| wkdq
zlwkrxw1
Wkxv survshfwv iru srvlwlyh zhoiduh h￿hfwv ri wudqvsduhqf| duh zhdn= Zhoiduh pd| eh zulwwhq





.6 + 4￿ ￿,




+4 ￿ ￿,+e f ￿ f,+d ￿ ee f,
5
zkloh wkh wudqvsduhqf| uhjlph |lhogv
ZA @




Zhoiduh zlwkrxw wudqvsduhqf|/ Z/ h{fhhgv zhoiduh zlwk wudqvsduhqf|/ ZA/l i
s
￿




e f ￿ f
d ￿ ef
d ￿ ee f
d ￿ ef
A
93 ￿ 44<￿ .9 7 ￿2 ￿ 8￿￿
< ￿ 48￿ .: ￿2 ￿ ￿￿
Wkh ohiw0kdqg vlgh ghfuhdvhv iurp < wr ￿￿
b dv e f jrhv iurp f wr  L1 Wkh uljkw0kdqg vlgh lv
ghfuhdvlqj lq ￿ iurp 92
￿ =
Wkxv iru vpdoo e f dqg ￿/ wudqvsduhqf| lv olnho| wr eh zhoiduh ghfuhdvlqj1 Dv e f dqg2ru ￿
lqfuhdvh/ lw lv pruh olnho| wkdw wudqvsduhqf| kdv d srvlwlyh zhoiduh h￿hfw1 Wkxv zlwk d yhu| odujh
xqlqiruphg pdunhw vhjphqw zlwk kljk eholhiv +e f?  L,/ wudqvsduhqf| zloo uhgxfh zWW
L ?z W
L
dqg wkh h￿hfw ri wklv lv pruh lpsruwdqw wkdq wkh lqfuhdvh lq wkh zkrohvdoh sulfh dw wkh lqiruphg
pdunhw vhjphqw1
D18 Vxppdu| ri wkh uhvxowv
Wkh uhvxowv iurp wkh suhfhglqj dqdo|vlv rq zkhq wudqvsduhqf| zloo eh suhihuuhg wr qr wudqv0
sduhqf| duh vxppdulvhg lq wkh wdeoh ehorz=
Wdeoh 4= Vxppdu|
Sduw| e fA  L e f?  L
P Qhyhu Rqo| li e f dqg ￿ duh vpdoo +vhh htq1 +5;,,
UU Qhyhu Qhyhu




FV +Frqvxphuv, Qhyhu Qhyhu
Z +Vrflhw|, Qhyhu Li e f dqg ￿ duh kljk
Ilqdoo|/ qrwh wkdw zkhq a f @ f/ wudqvsduhqf| kxuwv hyhu|erg|1 Vr li wkh xqlqiruphg lv
fruuhfw zlwkrxw nqrzlqj vr/ wudqvsduhqf| kxuwv doo wkh lqyroyhg sod|huv1
5<